We propose a new type of regular monopole-like field configuration in quantum chromodynamics (QCD) and CP 1 model. The monopole configuration can be treated as a monopoleantimonopole pair without localized magnetic charges. An exact numeric solution for a simple monopole-antimonopole solution has been obtained in CP 1 model with an appropriate potential term. We suppose that similar monopole solutions may exist in effective theories of QCD and in the electroweak standard model.
I. INTRODUCTION
One of most attractive mechanisms of quark confinement in quantum chromodynamics is based on Meissner effect in dual color superconductor [1] [2] [3] . This assumes generation of monopole vacuum condensate due to quantum dynamics of gluons. The existence of the monopole condensation represents a puzzle in QCD which is intimately related with the problem of origin of the mass gap in QCD. Due to correspondence principle between quantum and classical descriptions one would expect that QCD admits classical monopole solutions. However, since invention of singular Dirac [4] and Wu-Yang monopoles [5] up to present moment we don't know any finite energy monopole solutions in realistic physical theories of fundamental interactions. All known finite energy monopole solutions (like 't Hooft-Polyakov one [6, 7] ) require either introducing new particles or essential extension of the theories of fundamental forces.
The problem of existence of finite energy monopoles in QCD becomes more critical due to the following: the magnetic potential in SU (2) QCD is given by dual Abelian gauge potential which is defined in terms of CP 1 fieldn [8, 9] . The magnetic potential is divergenceless, this implies that any monopole field configuration defined in terms ofn with non-vanishing magnetic charge unavoidably contains singularities on some subset of three dimensional space. One possibility to overcome this problem is to introduce additional fields as it occurs in the case of composite 't Hooft-Polyakov monopole. Another way to avoid such singularities is to consider monopole configurations with vanishing total magnetic charge. This approach is based on the fact that monopole charge in pure QCD does not represent gauge invariant quantity, so, since the color symmetry is unbroken only monopole configurations with a total zero magnetic charge can serve as a classical analog to gauge invariant monopole vacuum condensate. Moreover, it has been found that monopole-antimonopole string (or knot) pair can form a stable vacuum in QCD [10] .
In this Letter we study the problem of existence of finite energy monopoles in QCD considering a subsector of standard QCD which is defined formally by the CP 1 Lagrangian. We propose a new type of finite energy monopole field configuration which can be treated as a monopole-antimonopole pair. An essential feature of such monopole configuration is that it does not have localized magnetic charge anywhere in contrast to known monopole-antimonopole solutions in Yang-MillsHiggs theory. We consider first singular monopoleantimonopole configuration which represents a limiting case of the system of point-like monopole and antimonopole approaching each other at zero distance. It is not much surprising that such a singular non-trivial configuration takes place. Unexpected result is that there exists a finite energy monopole-antimonopole configuration which is regular everywhere and which minimizes the energy functional of restricted QCD.
The paper is organized as follows. In Section II we consider singular monopoles in CP 1 model. In Section III we study the structure of regular finite energy monopoleantimonopole configurations. To demonstrate that such a configuration can be realized as a solution we obtain exact numeric solution for a simple monopole-antimonopole field in a simple CP 1 in Section IV.
Let us consider a simple CP 1 model defined by the Lagrangian
where the magnetic field H µν is expressed in terms of the CP 1 fieldn as follows
The Lagrangian L 0 describes a subsector of the standard QCD with a restricted SU (2) gauge potential given bŷ
The expression for the gauge potential can be treated either as a reduction of the standard QCD to the restricted QCD [8, 9] , or as a special ansatz in Faddeev-Niemi approach to formulation of the effective theory of QCD in the infra-red limit [11, 12] . In first case the fieldn satisfies the equations of motion of the standard QCD, whereas in the second case the equations of motion forn are determined exactly by the CP 1 Lagrangian L 0 . It is convenient to express the CP 1 field through the complex field u(x) using stereographic projection
With this the magnetic field H µν can be written explicitly in terms of u
The magnetic field H µν determines a corresponding closed differential 2-form H = dx µ ∧ dx ν H µν which implies local existence of a dual magnetic potentialC µ
All topologically non-equivalent configurations of the CP 1 fieldn are classified by homotopy groups π 2,3 (CP 1 ). Consequently one can classify possible topological fieldŝ n by Hopf, Q H , and monopole, g m , charges
where V (S) is a volume of the sphere S 2 .
The magnetic vector field H i = 1 2 ǫ ijk H jk has a vanishing divergence. This implies that a regular finite energy monopole configuration with a non-zero magnetic charge does not exist in a simple CP 1 model and in the restricted QCD unless one introduces additional fields to make a composite monopole. Monopole-like field configurations with a total vanishing magnetic charge can be in principle regular everywhere since in that case there is no any topological obstructions. Monopole-antimonopole pairs made of Dirac or Wu-Yang monopoles [13] still possess singularities in the centers of the point-like monopoles. Besides, such a pair does not represent a static bound state, since obviously monopole and antimonopole will annihilate and disappear. However, in theories with non-linear self-interaction one may expect existence of a non-trivial monopole configuration in the limit when monopole and antimonopole approach each other at zero distance. Indeed, we will show that such a singular field configuration exists in CP 1 model. Let us define the following axially symmetric ansatz
where the integer numbers (m, n) are winding numbers corresponding to the spherical angles (ϕ, θ). A simple setting m = n = 1, f = 1, Q = 0 reproduces WuYang monopole solution with a unit magnetic charge, g m = 1. Another interesting case with winding numbers m = 1, n = 2 and given functions
leads to exact knot solitons with Hopf charge Q H = 1 in a special integrable CP 1 model [14, 15] and in a generalized Skyrme-Faddeev model [16] . We will consider the case m = 1, n = 2 with an appropriate choice of functions (f, Q) leading to zero total magnetic charge, the value of the Hopf charge depends on imposed boundary. It turns out that the ansatz (8) provides a rich structure of possible monopole like configurations admitting nontrivial twisted magnetic fluxes.
Let us first consider general properties of magnetic field configurations with the ansatz (8) . For numeric purpose it is convenient to change the variables
Asymptotic properties of the magnetic field is determined by values of the functions (f, Q) and their first derivatives at infinity r → ∞. To find proper boundary conditions near origin and near infinity we consider simple case of radial dependent functions f (r), Q(r). With this one can write the magnetic field components as follows
In asymptotic region near infinity, r → ∞, one has
where
Let us choose the following following boundary conditions written for the functions F, G:
One can calculate magnetic fluxes through the upper and lower semi-spheres H 2 ± of the sphere S 2 od radius R centered at the origin r = 0. In the asymptotic limit R → ∞ the magnetic fluxes are given by
The Hopf charge for the given configuration is zero. The magnetic fluxes are multiples of the minimal magnetic flux quantum 2π for arbitrary non-zero value of F (0). The field configuration looks like monopole (antimonopole) for observers standing at far distance in lower (upper) half-space. Notice, the configuration has a singularity at the point r = 0. One can consider the magnetic flux through the surface composed from an upper semisphere of small radius ρ 0 centered at the origin r = 0,
One can check that the magnetic flux Φ 0+ converges to a value −2π in the limit ρ 0 → 0. Similarly, the magnetic flux Φ 0− through the surface made of a lower semi-sphere of radius
, and a disc D 2 , converges to a value +2π when ρ 0 → 0. Such a behavior corresponds to the point-like monopole and antimonopole placed in one point, r = 0. We will treat such a configuration as a monopole-antimonopole pair. Notice, that our monopole configuration is essentially non-Abelian, and it is different from the monopole-antimonopole pair of Dirac monopoles forming a magnetic dipole due to superposition rule available in linear field theory.
The semi-spheres H 2 ± have a common boundary S 1 as a circle in the (X, Y ) plane, and due to axial symmetry the vector fieldn is a constant vector along the boundary. One can make compactification of the semispheres H ± to spheres S ± by identifying all points of the boundary to one point. With this it becomes clear that magnetic flux quantization originates from the nontrivial mappings π 2 (S 2 ) corresponding to monopole and antimonopole. In asymptotic region r → ∞ the CP 1 field can be written as followŝ n 1 = sin θ(cos ϕ cos θ − sin ϕ), n 2 = − sin θ(cos ϕ + cos θ sin ϕ), n 3 = cos 2 θ.
This implies thatn represents twisted one-to-one mapping S 2 → S 2 . The monopole-antimonopole configuration resembles a finite energy solution for monopole-antimonopole in Yang-Mills-Higgs theory [17] where monopole and antimonopole are localized at zeros of the Higgs field on the Z-axis. One should stress that our monopoleantimonopole differs from the monopole-antimonopole in Yang-Mills-Higgs theory which represents a composite monopole while our monopole represents a pure monopole system without any additional scalar fields. The construction of the singular monopole-antimonopole configuration gives a hint that a finite energy monopoleantimonopole configuration might exist even in a simple CP 1 model. The key point is that the fields f and Q can regularize the singularity through the "dressing" effect in a similar manner as the Higgs field regularizes the singularity at the origin in the 't Hooft-Polyakov monopole solution. Surprisingly, we have found that such a regular monopole configuration is allowed in the CP 1 model and consequently in QCD.
III. REGULAR FINITE ENERGY MONOPOLE-ANTIMONOPOLE CONFIGURATION
For simplicity we consider radial dependent functions f (r), Q(r) ((F (r), G(r)). Let us impose the following boundary conditions
The CP 1 fieldn behaves like a Higgs field taking constant vector value at the origin n(r = 0) = (0, 0, 1).
In asymptotic region r → ∞ the vector fieldn can be written as followŝ n = (cos ϕ sin(2θ), − sin ϕ sin(2θ), cos(2θ)), (19) i.e., the fieldn provides double covering of the sphere
. One can calculate the magnetic fluxes through the upper and lower semi-spheres H 2 ± of the sphere S 2 of infinite radius
One has non-zero magnetic flux around the Z-axis created by the magnetic field H rθ which implies a helical structure of the monopole configuration
The twisted magnetic fluxes correspond to half-integer value of the Hopf charge, Q H = 1 2 . In further we will study possible solutions with properties of such monopole-antimonopole configurations in CP 1 model and electroweak theory. Due to this it is important to verify strictly the regular structure of the monopole configuration. To get a qualitative description we use simple radial trial functions
With this one can study the detailed structure of the magnetic field for a given monopole-antimonopole configuration. From the density contour plot of the magnetic vector field projected onto the planes (X, Z) and (X, Y ), Figs. 1, 2 respectively, one can see that at far distance above (below) the plane (X, Y ) the magnetic flux corresponds to negatively (positively) charged monopole with the magnetic field lines twisted around the Z-axis. In To make sure that magnetic field has a regular structure everywhere we make plots for the vector lines which start from four symmetric points in the upper half-space, Fig. 4 . Conditionally one can select two types of magnetic vector field lines. The magnetic field lines of the first type are localized along the Z-axis, Fig. 4a,b , and the magnetic field lines of the second type spread to infinity along x and y directions. One can see from 5 that field configuration has two local energy density maximums located in the planes z = ±0.93 along the circles θ ≃ 0.5, θ ≃ π − 0.5. Maximal energy density forms two tori, so the configuration can be viewed as a pair of monopole and antimonopole knots. Notice, the given monopole-antimonopole configuration has no localized magnetic charges anywhere contrary to the case of known monopole-antimonopole solutions in Yang-MillsHiggs theory [17] , i.e., the magnetic flux through any closed two-dimensional surface vanishes identically. In general, a detailed structure of the monopoleantimonopole configuration can vary depending on dynamics determined by the equations of motion. In the next section we will consider a more simple monopoleantimonopole solution in CP 1 model without helical structure.
Due to Derrick theorem [18] the simple CP 1 model with the Lagrangian (1) and the pure QCD do not admit a stable static solution. So it is unlikely that monopole can be realized as a classical solution in standard QCD. However, it is surprising that monopole-antimonopole configuration considered above provide a minimum of the energy functional for any given total energy value. So that, one can not exclude completely the possibility of existence of monopole-antimonopole solution in pure QCD. To apply minimization procedure to the energy functional it is convenient to pass to dimensionless variablesx i by rescaling x i → dx i with the length parameter d. The trial variational functions (F (r, θ) , G(r, θ)) are chosen as Fourier series in sin kθ, cos lθ, (k = 1, 3; l = 2; 4), with Laguerre polynomial radial coefficient functions L n (r), (n = 1, ...5). In dimensionless variables the energy functional reads (i, j = 1, 2, 3)
We impose the following boundary conditions
Minimizing procedure of the energy functional gives the total energy value
The energy density plot, Fig. 6 , shows that the monopole and antimonopole merge together forming a toroidal structure. Since the Hopf charge is half-integer, Q H = 1 2 , the monopole-antimonopole configuration differs from the topological knot and has non-vanishing magnetic fluxes through the upper and lower semi-spheres H 2 ± of infinite radius, (20) . It is obvious that the configuration can not represent a stable solution due to presence of the scale parameter d which characterizes the effective size of the monopole configuration. This is in close analogy with 't Hooft-Polyakov monopole case where the energy of 't Hooft-Polyakov monopole in BPS limit includes a scale parameter (averaged value of the Higgs field) and its presence destabilizes the solution.
At far distance the given magnetic field configuration is similar to a monopole-antimonopole bound state, and it does not possess a localized magnetic charge inside any closed surface. This type of solution can resolve a puzzle of existence of monopole in QCD and in electro-weak standard theory, where, as it is well known, finite energy non-composite monopole solution has not been found so far. Due to possible importance of this monopole configuration we will demonstrate the existence of such a solution in a simple CP 1 model with a potential term which determines an appropriate boundary condition at infinity.
IV. MONOPOLE-ANTIMONOPOLE SOLUTION IN CP 1 MODEL WITH A POTENTIAL TERM
We consider monopole-antimonopole field configuration determined by winding numbers m = 1, n = 2 in a simple case when the function f (r, θ) entering the ansatz (8) vanishes identically. Let us consider the following Lagrangian for the CP 1 model with a potential term
Due to a special form of the chosen ansatz the potential term can be re-written in a simple form in terms of the function G(r, θ)
The potential term provides an appropriate boundary condition for the field G(r, θ) at space infinity. A corresponding equation of motion represents a non-linear
The reduced form of the ansatz (8) with one nonvanishing function G implies the following expressions for the vector magnetic field H i = 1 2 ǫ ijk H jk at space infinity
The magnetic flux through the sphere S 2 of infinite radius gives vanishing total magnetic charge
The magnetic fluxes through the upper and lower halfspheres of S 2 are twice less compare to the monopoleantimonopole configuration considered in the previous section
There is no magnetic flux around the Z-axis, consequently, the Hopf charge density vanishes identically. One can find solution near the origin r ≃ 0 and near space infinity r ≃ ∞ using perturbation theory. Expanding the function G(r, θ) in Taylor series
one obtains a solution near r = 0 with the following coefficient functions up to third order of perturbation theory:
),
where c 1 , c 2 are arbitrary integration constants. Notice the appearance of the angle dependent term in the last equation which implies that solution is axially symmetric and depends on two variables, (r, θ). In asymptotic region near space infinity, r ≃ ∞, one has a solution which is expressed by the series expansion (up to second order of perturbation theory)
The solution is given by asymptotic series and represents a non-perturbative solution which exists only for nonzero values of the parameter k. With this one can solve numerically the partial differential equation (28) imposing Neumann boundary conditions ∂ θ G(r, θ)| θ=0,π = 0. The solution has been obtained by using the package COMSOL 3.5, the plot for the function G(r, θ) is depicted in Fig. 7 with the model parameter k = 2. The energy density profile, Fig. 8 , has one local maximum with two In conclusion, we have proposed a new type of finite energy monopole configuration which can be treated as a monopole-antimonopole pair. An essential feature of the configuration is that it does not possess localized magnetic charges whereas the magnetic fluxes through the upper (lower) half-spheres of infinite radius correspond to monopole (antimonopole) charge. The discrete values of the magnetic charges are conditioned by integer winding numbers (m, n), whereas a helical structure of the magnetic field is provided by non-zero value of the Hopf charge. Such finite energy monopole-antimonopole configurations minimize the energy functional in restricted QCD, and they can play an important role in QCD.
The existence of monopole-antimonopole solution in a simple CP 1 model shows that the fieldn can regularize the singularity inherent to point like monopoles. In standard QCD the fieldn represents pure topological degrees of freedom, i.e., it does not have dynamic content. Due to this, rather there is no monopole solution with nonzero magnetic charge in pure QCD. However, in effective theories of QCD describing infrared limit in FaddeevNiemi formalism [11, 12] the fieldn manifests dynamical properties. It would be interesting to study extended Skyrme-Faddeev-Niemi models with potential terms [19] [20] [21] in search of possible monopole-antimonopole solutions. Another important implication of our results is related to the problem of existence monopoles in the theory of electro-weak interactions. We expect that finite energy monopole-antimonopole solution can exist within the formalism of the standard model. These issues will be considered in a subsequent paper [22] .
